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We find the effective action for any D-brane in a general bosonic background of supergravity. The 
results are explicit in component fields up to second order in the fermions and are obtained in a 
covariant manner. No interaction terms between fermions and the field f = b + F, characteristic 
of the bosonic actions, are considered. These are reserved for future work. In order to obtain 
the actions, we reduce directly from the M2-brane world-volume action to the D2-brane world- 
volume action. Then, by means of T-duality, we obtain the other Dp-brane actions. The 
resulting Dp-brane actions can be written in a single compact and elegant expression. 
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1 Introduction 



In order to perform typical field theory calculations in the world-volume of the D-brane, one 
would like to a find convenient form of the D-brane action in general bosonic supergravity 
backgrounds. We present such a form in this work, neglecting interactions between fermions 
and the characteristic field combination / = b + F. Up to such terms, these actions are by 
construction k-symmetric, supersymmetric 1 and in addition they obey the various dualities of 
M-theory. For example the D3-brane action is self-dual. Because we allow for general curved 
bosonic backgrounds and the RR and NS fields act as coupling constants for the world-volume 
theory, the theory defined on the brane is a field theory in curved space-time with local coupling 
constants. 

The expansion of the supersymmetric D-brane action in component fields is a non-trivial 
task, particularly if one uses the so called "gauge completion" technique (see (21 Oj for some 
references where this method has been used). This method is based on a laborious comparison 
order-by-order between component supersymmetric transformations and superspace coordinate 
transformations. The numerous non-covariant gauge completions and the lack of an iterative 
method make the treatment very difficult and tedious, even at linear order. In fact, no complete 
expansion in general supergravity backgrounds has been obtained 2 using this technique for any 
of the branes (including the M2-brane). The complications only increase at higher orders. 

On the other hand one may use the so called "normal coordinate expansion" 0. This 
technique allows one to expand the superfield action to any order in the 32 fermions such that 
each term in the expansion is covariant. This technique has been used for the expansion of 
the heterotic superstring action and for the derivation of the superspace density formula. More 
recently, it has been used for the expansion of the M2-brane up to quartic order jS] and for the 
type Ila/b fundamental strings up to quadratic order [7j. 

We are interested in the world-volume theory for various branes of M-theory. We will begin 
with the 11D supermembrane, for which the supersymmetric action has been expanded by 
Grisaru and Knutt in fermionic coordinates up to quartic order in general backgrounds of 11D 
supergravity. We then dimensionally reduce the space-time to obtain the D2-brane action in 
the 10D type IIA theory. In doing so, a world-volume duality is needed to recover the usual 
Yang Mills degrees of freedom in the D2-brane. Then, by means of T-duality, we obtain all the 
abelian D-brane actions. 

Section 2 is a short review of the expansion of the supersymmetric M2-brane and a brief 

In order to obtain a world-volume field theory with rigid supersymmetry one must fix both k-symmetry and 
static gauge for the coordinates. The supersymmetry transformations are those operations that compensate for 
k-symmetry, gauge transformations and world- volume reparametrizations in order to preserve the chosen gauge 
conditions. The corresponding discussion will appear in a separate work £Q. 

2 There is an expansion up to second order [S], but that work does not obtain the complete set of second order 
terms. There are also closed results for a few bosonic backgrounds like AdSs x S 5 , AdSz x S 7 , AdSj x S 3 and 
certain plane waves 
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introduction to normal expansion techniques. Section 3 deals with the reduction of the second 
order expanded M2-brane action to obtain the corresponding D2-brane action. Section 4 is a 
comprehensive instruction manual for performing T-duality on such actions. Section 5 gives 
the final form of the Dp-brane actions up to second order in the fermion expansion. Appendix 
A fixes our conventions for spinors and the gamma matrix algebra, appendix B gives the 11D 
supergravity constraints, the zero order component fields and the 10D supergravity conventions 
while appendix C gives some useful formulas for T-duality. 



2 Normal coordinate expansion for the M2-brane 

In a superspace formalism, the supercoordinates z M decompose into bosonic coordinates x m 
and fermionic coordinates 9^. Here we also introduce a similar decomposition for tangent space 
vectors y A , with A = (a, a): 

Z M = (x m ,9^), 

y A = (y a ,y a )- (l) 

The normal coordinate expansion is a method based on the definition of normal coordinates in 
a neighborhood of a given point z M of superspace. The idea is to parameterize the neighboring 
points by the tangent vectors along the geodesies joining these points to the origin. Denoting 
the coordinates at neighboring points by Z M and the tangent vectors by y A , we have 

Z M = Z M + s Af (y) ^ (2) 

where the explicit form of £ M (y) is found iteratively by solving the geodesic equation. Tensors 
at the point Z M may be compared with those at z M by parallel transport. In this sense, the 
change in a general tensor under an infinitesimal displacement y A is 

5T = y A V A T . (3) 



Finite transport is obtained by iteration. In this way we may consider the corresponding ex- 
pansion in the operator 5 for any tensor in superspace. For example, consider the vielbein 

E M 

E M A {Z) = E M A {z) + 6E M A (z) + l -5 2 E M A (z) + ... (4) 

In particular one finds the following fundamental relations by means of which one can expand 
any tensor iteratively to any order (see for example jH]), 

5y = 0, 

SE A = Vy A + y c E B T BC A , 

SVy A = -y B E c y D R DCB A , (5) 
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where T is the torsion and R the Riemann tensor. 

In our case, we are interested in an expansion up to second order around a bosonic background 
of 11D supergravity. We therefore set z M = (x m ,0) and y A = (0,y a ). By means of the 11D 
superconstraints (see appendix B), one finds the following formulas: 

5E a = 0, 

6E<* = By a + yPe b T b p a , 

5 2 E a = -i(y a T a a pDyP + y V7yr%) , 

5 2 E a = . (6) 

At this point, in order to obtain the expanded M2-brane action in component fields, we simply 
take the M2-brane supersymmetric action, perform substitutions using equations (IMKif) discard 
terms above second order in Fermions. 
The supermembrane action is, 

S = -T M 2 J d 3 £^det(-G) - ^ J r/V' M A,,, (7) 

where i = (0, 1, 2), T M i = (4vr 2 /^)~ 1 , l p is the 11D Plank length, (G,A) are the pull-back to the 
supermembrane of the metric and 3-form super- fields of N=l 11D supergravity. 
The normal coordinate expansion to second order in fermions yields 

s = sM + sM, 

= —Tm2 J ftyf^G) - J d^ k A k 
J d^y~det{G) [yrViy + yT^y 

-\e^ k [yT l3 V k y + yT t T 3k y}), (8) 



s (2) = iT M 2 



kji: 
+ 



where (G, A) are the bosonic pull-back of (G,A), y is a real Majorana 32 component spinor, 
Tj are pull-backs of real gamma matrices, Vj is the pull-back of the usual spinor covariant 
derivative, and 

Ta = ^(T a bcde + 85 b a T cde )H bcde , (9) 

with H = dA. The above action is a truncation of the 4th order expansion found in [Sj. 

The fermionic part of action can be rewritten in the more compact and suggestive form, 

S® = T M 2 J d 3 tV^G (iyP-TDiy) , (10) 
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where 

p =-(l \ e ijk T-u) 

A = Vi - ^(r," - 8^r crfe )iw (ii) 

We would like to remark that this action is by construction supersymmetric and k-symmetric 
up to second order 3 . 



3 M2 reduction to D2 

In this section we take the world-volume action of the supermembrane given in equations Q8I1UJI 
and perform a dimensional reduction to obtain the superspace action for the type IIA D2-brane 
in 10D up to second order in y. We use hatted symbols for 11D indices and un-hatted symbols 
for 10D indices. As in the previous section we take a,b,c. . . = (0, 1, . . . , 9) as tangent space 
indices and m,n,o . . . = (0, 1, . . . , 9) as space-time indices. We also underline number indices 
corresponding to tangent space directions (i.e. T-), leaving space-time indices unadorned. 

Thus the bosonic space-time coordinates x m split into (x m ,x 10 ), where all the background 
fields are taken to be independent of x 10 . As usual, one chooses a local frame for the reduction 
in which one has the vielbein 



e 2 



W = I n ™ .20/3 " • (12) 



Here is the 10D vielbein in the string frame, CW = dx m C m is the RR 1-form potential 
and 4> is the dilaton. The 3- form potential of 11D supergravity A = ^dx m A dx 11 A dx^Ap^ 
decomposes into the RR 3- form potential = ^dx m A dx n A dx p C pnm and the NS two-form 
= ^dx m A dx n b nm in the usual form 4 , 

■A-mnp — C mn p , A\q mn — b mn . (13) 

In order that the supercoordinate transformations of 10D superspace maintain the canonical 
form, we also use the customary rescaling of fermions 

y _^ e -fry (14) 

in the reduction from 11D to 10D. Since we work with pull-backs to the membrane of the above 
fields, we define 

Pi = d t x w - d iX m C m . (15) 

3 Detailed discussions on supersymmetry and k-symmetry will appear in pQ 

4 We use the superspace convention for differential forms i.e. — -^dx mi A ■ ■ ■ A dx mp w mp ... mi . 
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Hence, the pull-back of the bosonic 11D metric G is written as, 

Gij = e- 2 ^ 3 g l3 + e^ 3 p iPj , (16) 

where g is the 10D metric. 

Let us now recall that the procedure to obtain the D2-brane action with its characteristic 
Yang-Mills field F = dA, is to add a term 4e lJ + Ci)Fjk, in which Fj^ appears as a Lagrange 
multiplier, to the reduced M2-brane action. One then takes pi as an independent variable, solves 
for it using its equation of motion, and inserts the result back in the action. The reduction of 
the bosonic action is known in the literature; here we just quote the result from |S]: 

S<gl = -T D2 J d 3 £e-y-det( 5 + /) + T D2 J (c® - C« A /) , (17) 

where Tf)2 = (4vr 2 ^5( s ) _1 is the D2-brane tension, l s is the string length, g s is the string coupling, 
(CW,C( 3 )) are the pull-backs of the RR potentials in type IIA supergravity, / = F + b, F is 
the Yang- Mills world- volume field strength, and b is the pull-back of the NS-NS antisymmetric 
field. 

We now turn to the reduction of our action Q. The resulting expresion contains interaction 
terms between the world- volume vector pi and the fermions. These terms come from fluctuations 
of the membrane along the 11th dimension and along the fermionic directions y. However, the 
solution obtained above for pi is of the form pi oc eijkf^ kj rO{y 2 ). Thus, since we wish to neglect 
interactions between / and Fermions, we may in fact consider pi to be of order y 2 . 

After some lengthly algebra we find that the bosonic part of the 10D type IIA D2-brane 
action is equal to (|17|). while the second order fermionic part is given by 

S { d\ = iT D 2 J d 3 £V=g{ e-tyPffVViy - ^yP^d^ y + 
- (r mn ^H mnp - 3T mn ^H mm ) y - lyPf^T^F^y + 

+ 53I^H (r mnM F(£ p? - 4r™^F^) y} , (18) 

and we have used 

F (4) = dC (3) _ C (i) A H j H = db ^ P m = i(^_ _L_ e m r ..^ 

f( 2 ) = drt 1 ) , = r°i^ , v tV = [d t + \ Wiab v ah ] y . 

See appendix B for the remaining supergravity definitions. 

The full action is given by (|17f) and 1)18(1 together. Note that we have not fixed k-symmetry 
and that the Majorana fermion y still has 32 real components. 
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4 T-duality Rules 



In this section, we introduce the notation and rules necessary to perform the T-duality trans- 
formation in the fermionic part of the Dp-brane action. To do so, it is convenient to rewrite 
the corresponding world- volume theories in terms of combinations of the 10D supergravity fields 
that transform covariantly under T-duality. We will also need some basic rules to deal with the 
pullback on the branes of the supergravity fields. 

We will perform the T-duality using the Hassan formalism 5 jHj. In this approach, the T- 
duality transformations are strongly related to the supersymmetry transformations of the gra- 
vitino {5ip m ~ D m e ) and the dilatino (5 A ~ Ae). These supersymmetry transformations involve 
the following operators acting on 10D Majorana spinors in type IIA supergravity (see appendix 
B): 

D m = D$ + W m 
A = A« + A< 2 > , (19) 

where 

= d m + -^ mab T ah + ^H mab T ah T* 

a« = x - (r m d m <j> + ^F o6c r a6c r*i 

A (2) = le*^y b T* + ^ cd r abcd ) ■ (20) 

It is also convenient to decompose the Majorana spinors in terms of the Weyl spinors of type 
IIA and IIB. Hence, we split our Majorana spinor y into two Majorana- Weyl (MW) spinors of 
opposite chirality: 

y = y+ + y- , ^- y± = ± y± ■ (21) 

When acting on MW spinors of chirality ±, the operators above take the following form, 

D (±)m = D f±)m + W (±)m 



with 



D {±)m ~ ^ m + -^ UJ rna bF ab ± -^—y H mab T a 



A(±) = A (±) + A (±) . ( 22 ) 



1 _„ fc . 1 



5 In [7j this formalism was shown to be consistent with the T-duality relation between type Ha and type lib 
superstrings. 
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A (2) _ 1 / , 3 (2) ra6 1 _(4) r abcd\ (0 o\ 

A (±) - 8 I 2! ab + ! F «^ r ) ■ W 

In the rest of this work, we will not write the subscript (±) explicitly, as it will be determined 
by the chirality of the spinor on which the operators act. 

For type IIB supergravity theory, we have two MW spinors 2/(1,2) of positive chirality and 
the following operators acting on them (the upper sign refers to y\ while the lower one to j/2): 

( TF«r a - ^ c T abc T ^F abcd T abcd ^j T m 





— dm 








= i e - 

8 


A (1) 

A (l,2) 


- s( 


a(2) 
A (l,2) 


-5- 



2-3! 



1 e ^ ±F (D r a + _i_ F (3) r a^ (24) 

As for the type IIA operators, we will suppress the subscript (1, 2). This subscript is determined 
by the spinor on which the operators act. 

4.1 T-duality rules for background fields 

We wish to apply T-duality along the 9th direction. Let us introduce the following useful objects 
( rh, n = 0, . . . , 8) 

n = — !— r^r 9 =► n 2 = -1 

v/599 

Emn = 9mn ~\~ b mn 

(ri ™ ( T999 T(9Tb) 9 h \ 

\Q±) n = 



1 



9 



The T-duality rules for E mn and are 6 , 



E m 9 = E m9 g 99 



6 Here and in the rest of this work, we place a tilde over the transformed fields to remove ambiguity when 
needed. 
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-%m — —Egrh999 
E99 = 999 

<f> = 4> ~ 2 ln 999 ■ (26) 

For the transformation of the vielbein and the spinors, we will use the Hassan conventions to 
avoid ambiguities 7 . The transformation rules for the vielbein are 

C = ef_ )a = {Q-Tnel Kn = e\_ )m = (QZ l ) n m e a n . (27) 
We will also need the alternative transformed vielbein 

eft )a = (Q + ) m n e n a = A b a e^_ )b e a {+)m = (Ql 1 )^ = e\_ )m K b a , (28) 
and the transformation rules for the RR potentials 

Mn) _ r (n-l) _ , _ ^ -1 r (n-l) 

U 9m 2 -m„ - U 9m 2 -m„ \ n L >999 99[m 2 ^9rh 3 -m„] ' 

Mn) _ r (n+l) _„l r (n) (9Q) 

u mi-m„ — u 9m r -m„ ' t0 9[™2°9m2-m„] ■ > 

Therefore going from IIA to IIB, we have: 

y+ = y\=>v+ = m 
y- = -tty 2 =>y- = 

DW y+ = (Q^r m (D^ yi ) 

D^y- = -n(QZ 1 ) n m (D^y 2 ) 
W m y+ = -VL(Q-_ l T m (W nVl ) 
W m y- = {Q- + 1 ) n m {W n y 2 ) 

A<V = -n(A^y 2 -g 99 1 T9Di 0) y 2 ) 
A^y + = -n(A^ yi - g£T 9 W 9yi ) 

A<V = A^y 2 -g 99 1 T 9 W 9 y 2 . (30) 

Conversely, going from IIB to IIA we have 

yi = y+=>yi = y+ 
y 2 = fh/_ ^>y 2 = 



7 Recall that there are two possible choices e£J_) a for the transformed vielbein, related by a Lorentz transfor- 
mation A b a . 
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D^yi = (Q-+ 1 ) n m {D^y + ) 

D<®y 2 = n{Q- 1 Tm{D^) 

w mVl = n(Qz 1 ) n m (w n y+) 

W m y- = (Q; 1 )" m (W„y-) 

A^y x = n(A^y + -g 99 1 T 9 W 9 y + ) 

A^y 2 = A< V - g£T 9 W 9 y- . (31) 



4.2 T-duality rules for pulled-back quantities 

Once again we will need to fix some conventions. We use world-sheet coordinates (i = 0, . . . ,p) 
on the .Dp-brane and £ J (i = 0, . . . ,p, 9) on the D(p + l)-brane. We also fix the static gauge 
= C f° r the .Dp-brane and = C 1 f° r the D(p + l)-brane. We adopt Myers' notation 

10 for the pull-back (m = p + 1, . . . , 9, m = p + 1, . . . , 8): 

P Dp [Mi] = diX m M m = Mi + diX^Mrn 

Pd( p+ i) [Mi] = d lX m M m = Mj + djx^M^ , (32) 

and PdpW 3 ] stands for the inverse of PDpidij}- 

As above, we consider the field fij = Pjj p [Bij] + Fij to be of order 0(y 2 ) for any Dp-brane 
and we neglect the interaction terms of order 0(y 3 ). The T-duality transformation rules for 
the pulled-back fields are then straightforward but tedious to derive. Since they are not very 
illuminating and may result in a undesired distraction for the reader, we have relegated them 
to appendix C. 



5 Dp-brane actions 

The T-duality rules described in the previous section, allow us to obtain any of the type II 
super D-brane actions from the D2-brane action of equation (|17I18|) . To do this, we first use the 
well-known fact that the bosonic Dp-brane actions follow by T-duality from that of the bosonic 
D2-brane, i.e. 

iT D2 J <Pte-+y/-(g + f) - tT Dp J dP^e' *yj-(g + f) , (33) 

and 

T D2 J S n e~f - T Dp J S n CW e~f, (34) 
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where Td p = 27t[(2ttI s ) p+1 g s ] . Second, we rewrite the fermionic part of the action (|18|) in a 
much more compact, elegant, and appropriate form for the study of T-duality, 

SdI = iT D2 J d 3 £ e^^g y P£ 2 (PA - A)y , (35) 

using the definitions introduced in the previous section. Finally, we observe that, up to inter- 
acting terms in / and y, under T-duality we have 

iT D2 J S-ie^^-g ... -> iT Dp J dP +1 ^^ ... . (36) 

Hence, we need only study the T-duality transformation of the quadratic terms in y to obtain 
all the fermionic parts of the Dp-brane actions. 

Let us consider the case of a T-duality transformation to the D3-brane; i.e. a T-duality 
along a direction x 9 transverse to the original D2-brane. To do so, we separate the fermion y 
in two fermions of opposite chirality y = y + + y_ . Then, using the definitions introduced in the 
previous section, we have 

yP ( D2 ) (rD l -A)y = \{y + {VDf ) - A^)y + - y+T^Wt - A^) y+ + 

+y-(T i W i - A^)y + - y^T m {rDf ] - A^)y + + 
+y+(T i W i - A( 2 V - y+TmiVD® - A«)y_ + 
V-pD® - A«)y_ - y-T m (rw t . - A^} . (37) 

Consider for example the term y + (r*Z)| — A^)y + . This may be rewritten more explicitly 
as follows: 

y + P D2 [g ij ]PD2[T { - )i ]PD2[Df ) y+ } - y+A^y+ . (38) 

It is convenient to regard the result (|38|) as having been obtained by applying T-duality to a 
D3-brane, so that our goal is to reconstruct the "original" type IIB term in the D3-brane action. 
Applying the rules of the previous section and appendix C, one finds that, up to interaction 
terms in / and y, we have 

y + P m [gV]P m [T Hi ]P D2 [Df ) y + ] 
= m Pds [g ij ] P D3 [TijPDs [£>f yi } - 

-ViPds [g ij ]Pm[T9]P D 3 [g^Pos [g<H]Pm[Dfyi]- 

s(°). 



- yiP D3 [g l] }Pm N P D3 [gw] _ 1 Pds W^Pdz [W yi] + 
+yiP D3 [g ij ]P D 3 [t 9 ]Pd3 M^Pds [99i}P D 3 MPds [Df ] yi } , 

and y + A( 1 )y + = y 1 A( 1 )y 1 -P D3 [r 9 ]P D 3b99]~ 1 [^ 0) yi] • (39) 
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Now for any matrix Mjj with inverse M IJ , one has the identities 

M i9 = -(Mqq^M^Mjq 

M" = (Mgg)- 1 + {M 99 )- 2 M 9l M^M j9 , (40) 

from which we obtain 

y + P D2 [g i i]P D2 [r { _ )i ]P D2 [Df ) y + ]-y + AWy + = 

= yiPD3\g ZJ ]PD3\ri]P D 3[D%i] - vi^ [1) yi ■ (41) 

All other terms of the fermionic D2-brane action transform similarly. The fermionic part of the 
D3-brane action is thus 

S { ul = \T m j d^^y^ tip - k^)y 1 + 

+%r D3 (r / #7 - A^) yi + m^Wi - A^) yi - 

-%r D3 (r J I)f - AW)yi + yi^Wj - A^)y 2 + 
+iy 1 T D3 (T I Df ) - A^)y 2 + y^Y 1 - A^)y 2 - 

-%r D3 (r^/-A( 2 ))y 2 } , (42) 

where we have introduced 

^JT^"™^"™ 1 ' (43) 

(2) 

To rewrite S D $ in more compact form, we define the quantities 

(£) 

A = A« + (Ji ® A^ 2 ) 
l 

"(") " 2 l 

where oi,<7 2 are the standard Pauli matrices described in appendix A. Hence the final form for 
the fermionic part of the D3-brane actions is 



PP 3 ) = Ul-a 2 ®T D3 ), (44) 



o(2) 
^D3 



= iT D3 J e^V^g V P^Dj - A)y . (45) 

One obtains the action for any other D-branes analogously After a long but straightforward 
calculation, one finds the following general action for any Dp-brane 8 : 

S Dp = ~T Dp J dV +1 (ie-^-det(g + f) + T Dp J E( C e"') + 

+ VP Dp J d^ fT+yf=g y (p A - A) y , (46) 



Recall that W6 US6 tli6 superspace convention for different ial forms, i.e. — -^dx 711,1 A ■ ■ ■ A (ix mp w rnp ... rrLl , 
which arises naturally from the Hassan formalism. 
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where, 



for p odd: < 



D m = D$ + a x ® W m , A = A« + ai 8> A( 2 ) 



m 
y-2 



(47) 



while for p even: 



D m = D m , A = A 



y = (y+ + y-) ■ ■ 

where Top is given by, 



In addition, pP% = ~(1 — Tdp), 

f > — l F *i- i (4 g +i)'r. . rv 

L D(4q) - (4 q+ iy.^7j t 1 »1 -«(4 9 +i) 1 ~ 

1 _ f r*l--' ; (4q+3)r . . 

" fc 1 H..l(4q+3) » 



r D(4 9 +2) = (4g + 3) !v ^e n ' 
rD(4<ir+l) = -0-1 ® (i^T 
fD(4 g +3) = -<*2 ® (49+ 4 )!>/=? < 



f 0(49+ i) = -ai (4q+ 2 1 )! v ^ eil " i(49+2)r u-»(4 g+2 ) . 

ii..i(4 9 +4)-p. . 

x H"*(4g+4) ' 



(48) 



(49) 



for q= (0,1,2). 



6 Summary 

In this work we have expressed the Dp-brane actions in terms of component fields, neglecting 
interactions between fermions and the field /. Modulo these neglected terms, we have worked 
to second order in the fermions about an arbitrary bosonic supergravity background. Again 
modulo the neglected terms, these actions are k-symmetric by construction, though we have 
reserved the detailed relation to rigid supersymmetry for a future work [L . We have used normal 
coordinate expansion techniques, which allowed us to write the full second order expansion in 
terms of covariant tensors. We have also obtained the T-duality rules for these actions using 
the formalism of Hassan [2J. We emphasize that our results, i.e. (|46jl. yield the first explicit 
component-field presentation of these actions in generic bosonic backgrounds. We have not fixed 
k-symmetry, and all terms are covariant under bulk space-time transformations. 

Our methodology was as follows. First, the M2-brane k-symmetric action was expanded 
using normal coordinates up to second order in the fermions following 6]. Next, we performed a 
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single dimensional reduction to obtain the D2-brane action. Finally, by means of the T-duality 
map, we recovered the Dp-bran e actions for all other p. 

A forthcoming paper will compute the neglected interaction terms between gauge fields 
and fermions. A detailed discussion of the k-symmetries and super symmetries will also be 
presented. Such a treatment requires consideration of many details of gauge fixing schemes 
which we were able to avoid here. 
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7 Appendix A: Spinor conventions and Gamma matrix algebra 

This appendix is a list of spinor conventions. 

In 11D superspace, we denote the general supercoordinates by z M , where M runs over the 
bosonic coordinates x m , and fermionic coordinates 9^. Thus the curved index M splits into 
M = (m, /i), where m = 0, 1, 10, (j, = 1, 2, ...,32. We use A = (a, a) for tangent space indices 
and we underline explicit tangent space indices (e.g., 0, 1, etc.), to differentiate them from 
explicit space-time indices. 

We take the metric to have signature (— , +, +) and use the Clifford algebra 

{r a ,r 6 } = 2rj ab , (50) 

where F a are real gamma matrices and r] ab is the 11D Minkowski metric. We also set e 01 " = 1 
and use the notation r ai .., 0n = ru 1 ...r an ] denoting antisymmetrization with weight one; e.g. 
Toi = ^(roFi — TiTo) = rcTi. 

We use real Majorana anticommuting spinors of 32 components, denoted y a or 9^. The 
conjugation operation is defined by, 

v = v T c , 

vp = y a c af 3 , (5i) 

where T corresponds to transpose matrix multiplication; e.g. y a C a p instead of C a py^ ', and C a p 
is the antisymmetric charge conjugation matrix with inverse C a @. The indices of a spinor and 



14 



a bispinor M°g are lowered and raised via matrix multiplication by C so that we have 



Mj = C ai M\C 5(3 , 
OMi = a M a p ^ = 9 a M a ^ . (52) 

We take C = T-. It should also be noted that for Majorana spinors like y, any expression 
yF ai ..a n D vanishes for n = (1,2,5,6,9,10) but in general is non-vanishing for n = (0,3,4,7,8). 
For Majorana- Weyl spinors, only the corresponding expressions for n = (3, 7) are non-vanishing. 

Once one of the directions, say x 10 , has been compactified and the corresponding T— is iden- 
tified with the chiral gamma matrix T— , the fermionic coordinates appearing in 11D supergravity 
can be decomposed into two Majorana Weyl spinors (each of which we write in 32-component 
form). Thus in type IIA we may write 

V = y++V- where T^-y± = ±y± . (53) 

In type IIB, we choose the two 32 real component chiral spinors yi, y2 to have positive chirality, 
and we write them together as a 64-component spinor of the form 

(54) 

Taking the tensor products of the 32 x 32 component T matrices with the 2x2 identity operator 
yields the 64 x 64 matrices 





Finally, we use the usual Pauli matrices, 



rl = 1 
1 o 





8 Appendix B: supergravity 

This appendix is a list of supergravity conventions. We emphasizethat in all this paper we use 
the superspace convention for differential forms i.e. 

w <r)=idx mi A---Adx m *w mp ... mi 
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8.1 11D supergravity 

Here we borrow some of the conventions and definitions directely from Grisaru and Knutt [Hj. 
We also use bold letters for pulled-back superfields in the main body of the paper. 

The theory is described in terms of the vielbein E A (x,6) = dZ M Em A and three-form A = 
(1/3\)E C E B E a Aabc satisfying torsion constraints and field-strength constraints respectively^! 
EH: 

(a) T a f = -i(T c ) a p 

(b) TV = T ab c = T ab c = 

(c) H a!3j s = H a p jd = H abcd = 

(d) H af3cd = i(T cd ) a/3 (55) 
with H = dA = (1 / 41) E D E C E B E A H AB cD and 

Habcd = V 1 aA-bcd + T A b e A E cd- (56) 

(ABCD) 

These constraints put the theory on shell. From the Bianchi identities DT A = E b Rb A , DRa B = 
and dH = 0, or 

(Rabc D - V ' aTbc D - Tab E Tec D ) = 

{ABC) 

(VaRbcd E + T ab F Rfcd E ) = (57) 

(ABCD) 

(V ' aHbcde + Tab f Hfcde) = 

(ABCDE) 

one derives expressions for the remaining components of the torsion and curvature. 

T a Fp = —(5 b n T cde + -T a hcde )0 H bcde 

T ah a = ^(T cd )^V p H abcd (58) 

(r abc UT b / = 

alfyy — Vfei a7 + Vjlab + J-aj J-be ~ J-bj J-ae 

"A (59) 





(e) 




(/) 




(9) 


ih) 


Rab,"f 


if) 


Rab,cd 


0") 


Ra/3,ab 



2 l 



(T cd ) a[3 H abcd + — {T abcde f) a pH cdef 
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with 



5 1 



RabS = - l RABcd{T ca ) 1 . (60) 
We will need the following additional consequences of the Bianchi identities: 

(k) V a H bcde = -Qi{T [bc ) aP T de f (61) 

(0 V aRbc,de — ^ bRac,de V cR-ab,de Iba" ^ R"ic,de Tea} Ryb,de The R/3ce,de 

which can be used to relate higher components (in 9) of field strengths and curvatures to lower 
components. 

We also note the three-form equation of motion, 

V a H abcd = --±- £bcdei ... es H e ^ e *H e ^ e * (62) 

This is a consequence of the constraints. 

Finally, we should state that all quantities in the expansion are evaluated at z M = (x m ,0) 
so that they involve only the 9 = components of the superfields and their derivatives. In 
particular we have (in Wess-Zumino gauge but in fact our expansion is completely supergravity 
gauge-covariant), with Em A \ = Em A (x,0) 



tp a 



E m a \ = <(ar) = 
VI = 

VI = *u (63) 



as well as 

Tcd Q \ = € d = 0, (64) 

the supercovariantized gravitino field strength. We also note that the choice of Wess-Zumino 
gauge implies that the spinor covariant derivative connection vanishes at 9 = 0, (see, for example, 
Superspace, eq. (5.6.8) |T1]) 

^a/3 7 |=0 . (65) 



8.2 10D supergravity 

Here we use basically the same convention as in |1 1 1 |§] . 

First, we note that two types of RR field strength appear in the literature of type II super- 
gravity. In addition to dC^ n \ it is also useful to introduce the following field strength definitions: 

F (D = dC (P) 
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F (2) = dC (l) 

F (3) = dC (2)_ C (0) F 

F (4) = dC (3)_ C (l) AH 

F (5) = d cW-C^AH. 
The type IIA bosonic part of the action is given by 

Sua = ^rj " d^x^e-^R + mf -^H>\ + 

-^< F(2, > 2 -2 i I( F,4, ) 2 } + i/ , ' A " c<3,A ' ^c,3, 



and the supersymmetry transformations for the gravitino ip m and dilatino A are 



1 1 

d m + -w ma6 r a + -^—^H mab T a Yf- + 



sx = 



e . 



8 2! afc m ~~ 4! abcd 

+ I P 4> f ! F (2) r afc r¥ > , J_ F (4) pfl 

8 \2! ab 4! afecd 

The type IIB bosonic part of the action is given by 

SlIB = ^J dWx ^~a{e^[R + mf - ^H"} + 

and the supersymmetry transformations for the gravitino VVrt and dilatino A are, 

1 1 

<HV,2)m = ®rn + ^mab^ a ± ^j— H mab T a + 

. 1 ^ / „m^„ 1 „r3l^«^ 1 v -rabcdX -p 1 , 

=F ^y-T afecd-L I 1 m £(1,2) , 

+ 



<%, 2) = [^(W 



1 



■ ± ,-^H nhr r abc 



2 • 3! 
1 



+-e v ( ±F^T a + 



2 • 3! 



T7i(3) -pabc 



"(1,2) 



(66) 



(67) 



(68) 



(69) 



(70) 



In the above expressions kiq = 27r[(27r/ s ) 8 ^] -1 and for the type IIB case, we use the con- 
vention that the self duality constraint on F^ 5 ) is imposed by hand at the level of the equations 
of motion. 
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9 Appendix C: Useful formulas for pulled-back fields 

Here we collect some useful results on the T-duality transformation rules for the pulled-back 
fields. As in the main text, we use / ~ 0(y). 

9.0.1 From Dp to D(p + 1) 

Applying the rules for the pulled-back fields introduced in section POl remembering that x 9 <-> A9 
under T-duality, and neglecting terms of order 0(y) we find, 

-PDp[e"_)j] = Pd(p+i) i e i] ~ p D( P +i) [999V 1 Pd( p +i) [99i\Pd( p +i) [ e g] + 0(y) 

PDp[e a {+)l ] = P D ( P +i) [ef] ~ Pd( p +i) P D {p+i) [99t]P D (p+i) [eg] + °{v) 

p Dp[9ij] = Pd( p +i) [9ij] ~ p D(p+i) [9i9]PD( P +i) [999Y 1 Pd( p +i) [99j] + 0(y) 

Pd p [9 ij ] = P D{p+1) [g i] ]+0{y). (71) 

For p even (from IIA to IIB), we have 
P Dp [Df ) y + \ = P D(p+1) [D^yi] - P D(p+1) [999}^ Pd( p+ i) fel^fr+i) [D^Vl] + 0(y) 
PDp[Df ] yA = -O (P fl(p+ i)[D! 0) |/2] - ^(p+i) W^^Hijfel^^D^flft]) + 0(l/) 
PD P [Wiy + ] = -Q (P D ( p+1 )[Wtyi] - PD{p+i)[999\' 1 PD{p+i)[g9i]PD{p+i)[W9yi\) + 0{y) 
P Dp [W iy -} = Pi)( p+1 )fe]-P D(p+1) [^^ (72) 

while, for p odd (from IIB to IIA), we have 

PDp[ty 0) Vi] = P D (p+i) [Dt ] y + ] - P D{P+1) [g99r l PD{ P+ i) [99i]PD(p+i) [Di 0) y+] + 0{y) 
PDp[bf ] y 2 ] = n (p D{p+1) [Df ] y_] - PD^+^^PDip+i^PDip+i^y-]) + 0(y) 
PD P \WiVi] = ^ ( p D( P +i) [Wiy+] - P D (p+i) \g99\~ 1 Pd( p +i) [g9i]PD(p+i) [W 9 y+}) + 0{y) 
PD P [Wiy 2 } = P D (p+i)[Wiy-}- P D ^ p+1) [g99r 1 PD(p+i)[g9i]PD(p+i)[W9y 2 } + 0{y) . (73) 

Finally, we need the following formula 
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e io...ip 

PD P [r { - )i0 }---P Dp [r { - )ip ]n 



(p + iy-yf-detiPopfiijl) 

= ~ eI °''" P+1 = Po {P+1) [r Io ] ■ ■ ■ P D{p+1) [r Ip+1 ]r* . (74) 

(P + 2)\ y J-det(P D{p+ i ) \g I j]) 
9.0.2 From D(p + 1) to Dp 

Let us define Popf-Egi] = diX m E 9m . Then we have the following identities 

^( P+ i)K_)J = P Dp [e-]-g^P Dp [E 9i ]e a 9 

Pd(p+1) [ e (-) 9 ] = 399 le 9 

Pd( p +i) [ e i+)i\ = PDp[ei] - g 9 g PD P [Eig]eg 

^D(p+l)[ e "-)9] = -099 e 9 

^?(p+l)[sM = ^£>p[0ij] - PDp[Ei9]ggg PDp[E 9 j] + 0{y) 

Pd{ p +i)[9&] = ggg 1 PDp[E i g]+0{y) 
PD(p+i)[99i] = -ggiPDpiEgij+Oiy) 
Pd(p+1) [999] = 9 9 g 

PD(p + i)[9 ij ] = P Dp [g ij ]+0(y) 

PD( P+ i)[g i9 ] = -PD P [g ij ]PD P [E j9 ] + 0(y) 

P D (p + i)[9 t9 ] = PDp[E 9j ]P Dp [g ji ]+0(y) 

Pd( p +i)[9 99 ] = 599 - PD P [E 9i ]P Dp [g ij ]P Dp [E j9 ] + 0(y) . (75) 

Note that the above equations imply Pn p [Eig] = —Pf)p[E 9 i] + 0(y). 
For p odd (from IIA to IIB), we have 

P D{p+1) [Df ) y + \ = P D p[bf ) y 1 \-g^P D p[E l9 \bf ) y 1 

P D{ p +l) [Dt ] y + ] = g^D^Vi 

P D (p+i)[D^y-] = -^(P D p[bf ) y 2 ]-g^P Dp [E 9i ]bf ) y 2 ) 

P D(p+1) [D^y_] = -ng^bi 0) y 2 
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p D( P +i)[Wiy+} 
PD(p+i)[W 9 y+] 

P D ( P +i)[Wiy-} 
PD( P +i)[Wgy-] 



{P D p[W m } - gg g l P Dp [E 9i ]W 9yi ) 
Slg^W 9 yi 



PDp[Wiy 2 } - g 99 PD P [EiQ]W 9 y 2 
-9 99 W 9 y 2 ■ 



(76) 



For p even (from IIB to HA), we have 



P D{J>+I) [bfyi] = P D p[Df ) y + ]-g^P Dp [E l9 ]D ( i ) y + 

P D(p+1) [4 0) yi ] = g 99 1 bf ) y+ 

^D( P+ i)[A ( % 2 ] = ^{PopiDfyA-g^PopiE^D^y.) 

PD {p+ i)[bf ) y2] = ng$Df>y- 

PD(p+i)[Wiyi] = n(p Dp \W i v + ]-g£P Dp [E 9i ]W f) y+) 

P D ( P +i)[W 9 yi] = Qgg 9 1 W 9 y+ 

P D {p + i)[W t y2] = P D p[W iy -]-g^P Dp [E i9 \W 9 y- 

PD(p + i)[W 9 y 2 ] = -g^Wgy- . (77) 



( P +l)\yJ-det{P Dp [ gij ]) 
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